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Abstract
Here, we consider a gravity theory involving a spontaneous Lorentz symmetry breaking called
the bumblebee model. We show that, at certain values of the bumblebee field, the Go¨del metric is
consistent within this theory.
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The general relativity and the standard model are certainly the cornerstones of the mod-
ern physics verified through many experimental tests with a very high level of exactness.
Despite the success of these theories, there are some open questions, such as, for example,
a consistent quantum description of the gravity which has not been found up to now (all
known gravity models either non-renormalizable or involve ghosts), modified gravity models
which can explain the accelerated expansion of the Universe, and the problem of the unified
theory of the fundamental interactions. Within the attempts to solve these problems, the
idea of the Lorentz symmetry breaking began to attract the attention. It resulted in for-
mulating the Lorentz-breaking extension of the standard model [1] which involves all known
interactions and the Lorentz-violating terms. An excellent review on the extension of the
standard model is given in [2].
The Lorentz symmetry breaking can be implemented in two different forms: in an explicit
form, when the corresponding term presents in the Lagrangian from the very beginning, or
in a spontaneous form, when one of vector (in general, tensor) fields acquires a non-zero
vacuum expectation value. The spontaneous symmetry breaking methodology is treated as
a more elegant form to study Lorentz symmetry violation [3] since in this case the constant
vector (or tensor) emerges in a more natural way. The typical model used to study the
spontaneous Lorentz symmetry breaking is the bumblebee model discussed in many details
in [4–7].
By its essence, the bumblebee model involves a vector field Bµ which acquires a non-zero
vacuum expectation value:
〈Bµ〉 = bµ, (1)
where bµ is a constant vector, thus, we have a spontaneous Lorentz symmetry breaking.
The general form of the Lagrangian for the bumblebee model is, see f.e. [4]:
L = L0 − V (BµB
µ ∓ b2) + Lm, (2)
where the choice of the sign ∓ is discussed further, and the L0 is a kinetic term looking like
L0 = LEH + LB, (3)
with LEH is an Einstein-Hilbert Lagrangian given by
LEH =
1
16piG
[R− 2Λ] , (4)
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and LB is a Lagrangian for the bumblebee field Bµ [8]
LB =
[
σ1B
µBνRµν + σ2B
µBµR−
1
4
τ1BµνB
µν +
1
2
τ2DµBνD
µBν +
1
2
τ3DµB
µDνB
ν
]
, (5)
with Bµν = DµBν −DνBµ is a stress tensor.
Here, we study the Kostelecky-Samuel model [3], where the Lagrangian L0 assumes a
form of the Einstein-Maxwell Lagrangian which reduces to the Maxwell Lagrangian in the
flat space, so, the parameters σ1, σ2, τ2 e τ3 vanish, while τ1 = 1. So, we rest with
LKS0 ≡ LKS =
1
16piG
(R− 2Λ)−
1
4
BµνB
µν . (6)
The spontaneous Lorentz symmetry breaking is generally induced through a potential in the
corresponding Lagrangian [9]. There are different possibilities for choice of the potential,
here we choose the quartic one:
V =
1
2
κ
(
BµB
µ ∓ b2
)2
, (7)
where κ and b2 are essentially positive constants to provide the existence of minima. This
potential, first, does not involve any extra field, second, vanishes at the minimum together
with its first derivative. The ∓ sign reflects the fact that the vector Bµ can be time-like
as well as space-like (in the Go¨del case we study here, time-like Bµ yields B
µBµ < 0 since
for the time-like Bµ = (b, 0, 0, 0), and g
00 = − 1
a2
, one has BµBµ < 0). In this case, our
Lagrangian takes the form
L =
1
16piG
(R − 2Λ)−
1
4
BµνB
µν +
1
2
κ
(
BµB
µ ± b2
)2
+ Lm. (8)
The dynamics of the gravitational sector is described by the Einstein equations:
Gµν = 8piGTµν , (9)
where Gµν is an usual Einstein tensor
Gµν = Rµν −
1
2
gµνR, (10)
and Tµν is an energy-momentum tensor of the matter composed by two parts:
Tµν = T
M
µν + T
B
µν , (11)
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where TMµν is an energy-momentum tensor of the usual matter (for example, relativistic fluid),
and T Bµν ≡
TBµν
8piG
corresponds to the bumblebee field, so that TBµν is given by [4, 10]:
TBµν = BµαB
α
ν −
1
4
gµνBαβB
αβ − V gµν + 2V
′BµBν , (12)
where V ′ is a derivative of the potential with respect to the argument, that is, V ′ =
∂V
∂X
∣∣∣
X=BµBµ±b2
.
In this paper, we verify the consistency of the Go¨del metric [11] within the bumblebee
gravity. The fundamental feature of this solution is the presence of the closed timelike
curves (CTCs) which inspired an intensive discussions on the causality and time travels
in the gravity context(on these issues see f.e. [12]). Besides of this, the Go¨del solution is
interesting since it describes an Universe with the rotating matter and non-zero cosmological
constant. An extensive discussion of causality aspects of the Go¨del metric can be found in
[13]. Some issues related to consistency of the Go¨del solutions in different gravity models
are discussed in [14].
The Go¨del metric looks like
ds2 = a2
[
dt2 − dx2 +
1
2
e2xdy2 − dz2 + 2exdt dy
]
, (13)
where a is a constant. To study the Einstein equation (9) for a metric (13), we need to find
the non-zero components of the Einstein tensor (10). To do it, we write down the non-zero
components of the Ricci tensor:
R00 = 1
R02 = R20 = e
x
R22 = e
2x, (14)
with the scalar curvature is
R =
1
a2
. (15)
With (14) and (15), we determine the left-hand side of the Eq. (9), that is, the geometrical
part. It remains to find the energy-momentum tensor of the matter. One of its parts is the
energy-momentum tensor of the relativistic fluid which was introduced in the original paper
[11]:
TMµν = ρuµuν + Λ
′gµν , (16)
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where uµ = (a, 0, ae
x, 0) e Λ′ = Λ
8piG
, with Λ is a cosmological constant. Another part of the
energy-momentum tensor is associated to the bumblebee field Bµ given in (12). To find the
components of the energy-momentum tensor, we choose the form of the field Bµ, which, in
the vacuum, must satisfy
gµνBµBν = ±b
2, (17)
to provide a minimum for the potential.
As a first attempt, we choose
Bµ = (ab, 0, 0, 0), (18)
which evidently satisfies a condition of the vacuum (17). Therefore, the potential vanishes,
and the energy-momentum tensor takes the form
TBµν = BµαBν
α −
1
4
gµνBαβB
αβ . (19)
With a choice (18) we have that only B0 6= 0 is a constant, thus, the stress tensor Bµν =
∂µBν − ∂νBµ = 0 vanishes (we remind that ∇µBν −∇νBµ = ∂µBν − ∂νBµ, with the terms
with the Christoffel symbols cancel each other), so, one has
TBµν = 0, (20)
i.e., all components of the energy-momentum tensor of the field Bµ are zero. We note that
in principle the bumblebee field must satisfy also its equations of motion [10]:
∇µB
µν = 2V ′(B2)Bν , (21)
however, for the constant Bµ corresponding to the vacuum, and for our choice of the poten-
tial, this equation is identically satisfied.
The situation does not differ, that is, we again have the fields Bµ corresponding to the
vacuum, together with vanishing of the energy-momentum tensor, TBµν = 0 because of the
annihilation of the tensor Bµν equation of motion for Bµ identically satisfied, for two other
choices of Bµ:
Bµ = (0, ab, 0, 0), (22)
Bµ = (0, 0, 0, ab). (23)
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Therefore, for these three choices of the Bµ field, (18), (22) and (23), the equations of
motion (9) are reduced to those ones obtained by Go¨del in [11], thus, we conclude that in
these cases the Go¨del metric is consistent with the spontaneous Lorentz breaking. So, the
CTCs persist in this case in the same way as in [11]. Thus, we convinced that all values
of the Bµ field corresponding to the vacuum and vanishing of the Bµν tensor at the same
time are compatible with the Go¨del metric. Indeed, in these cases the equations of motion
of the bumblebee field are satisfied identically, and its energy-momentum tensor vanishes,
thus, the additive terms in the Einstein equations involving the bumblebee field completely
disappear.
Now, let us try the more sophisticated situation, that is, let us suppose that the Bµ field
corresponds to the vacuum but the Bµν does not vanish (in particular, this is the case when
Bµ is directed along y axis). We note that if we restrict our consideration to the vacuum
case (otherwise we will have no spontaneous Lorentz symmetry breaking but only a simple
dynamics of the bumblebee field away from the vacuum which does not principally differ
from other fields, and this situation is not interesting for us since our aim consist namely
in keeping track of the spontaneous Lorentz symmetry breaking), with the quartic potential
as it has been done above, our equation of motion reduces to
∂µB
µν + ΓµµλB
λν = 0. (24)
It is known that for the Go¨del metric, the only non-zero Christoffel symbol with coinciding
upper and lower indices is Γ001 = 1. So, if we suggest all fields to depend only on x1 = x as
the components of the Go¨del metric do, we get
∂1B
1ν +B1ν = 0, (25)
thus, the solution for the stress tensor is B1ν = kνe−x, with kν is a some constant vector.
It is clear that its x component vanishes, k1 = 0, which means that B1 component cannot
be restricted from this equation. Actually, we will determine appropriate restrictions on
B1 afterwards. Further, since there is no dependence on other coordinates, the value of Bµ
corresponding to this stress tensor yields B1ν = ∂1Bν = kνe−x, so, one has Bν = −kνe−x
(with, again, ν 6= 1).
Now, it remains to find whether such a Bν can yield a vacuum condition (17). Taking into
account the structure of the Go¨del metric, one finds that the (17) implies in the following
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relation for Bµ
a2((B0)2 − (B1)2 + 2exB0B2 +
1
2
e2x(B2)2 − (B3)2) = ±b2. (26)
If we take into account that Bν = −kνe−x (except of ν = 1), with a constant kν , one gets
from this:
a2((k0)2e−2x − (B1)2 + 2e−xk0k2 +
1
2
(k2)2 − e−2x(k3)2) = ±b2. (27)
It implies B1 ≡ −b1 = const, k
0k2 = 0 and (k0)2− (k3)2 = 0. We denote k2 ≡ q (one should
remind that it is a constant) The simplest choice is k0 = k3 = 0, i.e. B0 = B3 = 0, with the
vacuum condition gµνB
µBν = ±b2 takes the form
a2(
q2
2
− (b1)
2) = ±b2. (28)
We note that, if we try other choice of the vacuum, that is, k0 = k3 = d
a
, with k2 = 0, we
will have B01 = −B31 = −ade
−x, which gives TB33 = 0, but T
B
11 = −d
2e−2x, TB00 = −2d
2e−2x,
TB02 = −d
2e−x, TB22 = −
d2
2
. Taking into account the explicit form of the Einstein tensor (in
our case, its components involve the same exponentials as the correspondent components of
the Ricci tensor and the metric tensor), we see that such a form of the energy-momentum
tensor of the bumblebee field is inconsistent with the Einstein equations in the Go¨del metric
case while d 6= 0.
So, we restricted the vacuum field Bµ to be Bµ = (0,−b1,−qe
−x, 0), with
q = ±
√
2b21 ±
2b2
a2
. It is more convenient to use the lower-index vector Bµ =
(−a2q, a2b1,−
a2q
2
ex, 0), with q and b1 are related through (28). Let us verify the consis-
tency of this case with the Einstein equations. We get the only non-zero component of the
stress tensor B12 = −B21 = −
a2q
2
ex. So, the energy-momentum tensor of the bumblebee
field is reduced to (19), whose non-zero components have the following explicit form
TB00 = −
a2q2
4
, TB02 = −
a2q2
4
ex,
TB11 = −
a2q2
4
,
TB22 = −
3
8
a2q2e2x, TB33 =
a2q2
4
. (29)
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And the non-zero components of the “usual” matter energy-momentum tensor (16) are:
TM00 = ρa
2 + Λ′a2, TM02 = ρa
2ex + Λ′a2ex,
TM11 = −Λ
′a2,
TM22 = ρa
2e2x +
1
2
Λ′a2e2x, TM33 = −Λ
′a2. (30)
Using Eqs. (14), (15), (29) and (30), we get the following modified Einstein equations:
(00) :
1
2
= 8piGρa2 + Λa2 −
a2q2
4
, (31)
(11) :
1
2
= −Λa2 −
a2q2
4
,
(22) :
3
2
= 16piGρa2 + Λa2 −
3
8
a2q2,
(33) :
1
2
= −Λa2 +
a2q2
4
.
The equation for the (02) component is identical to that one for the (00) component with
only difference in the overall factor ex both in left-hand side and right-hand side of the
equation.
We see that the system is overdetermined (it involves only three variables but four equa-
tions) – it is interesting to note that actually, the system of equation in the case of the
Go¨del metric is overdetermined also in other gravity models, such as Chern-Simons gravity
and the Horava-Lifshitz gravity [14]. The only consistent solution corresponds to the case
q = 0 when the system is reduced to the usual case [11], and so, 8piGρ = 1
a2
, Λ = −4piGρ.
It is interesting to discuss now the case q = 0. The situation with a nontrivial symmetry
breaking (that is, b 6= 0) is when the potential is V = κ
2
(BµBµ + b
2)2, so, Bµ = (0,−b1, 0, 0)
is space-like, and the sign in the r.h.s. of (28) is (−), i.e. one has b21 =
b2
a2
. It means that in
this case the bumblebee field is directed just along the x axis, and, moreover, it is constant,
so, indeed, the stress tensor for Bµ is forced to vanish. Actually, we have showed that the
Go¨del solution is consistent with the bumblebee gravity only if the stress tensor vanishes.
Let us make the conclusions. We have shown that in the bumblebee gravity, the Go¨del
solution can be found for one of the vacua of the theory only if the stress tensor of the
bumblebee field vanishes. Therefore, we found that the spontaneous breaking of the Lorentz
symmetry can be compatible with the existence of the CTCs only in certain situations,
that is, if Bµ is a constant vector (so, the stress tensor Bµν vanishes) corresponding to the
8
vacuum, while in other cases the consistency is jeopardized. Therefore, we can conclude
that some forms of the spontaneous symmetry breaking allow to rule out the CTCs.
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